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Abstract We discuss the explicit form of the 2N-mode squeezing operator via N-pair en-
tangled state. We also present the squeezing properties of the 2N-mode squeezed state and
obtain the variances of the 2N-mode quadrature operators in 2N-mode entangled state.

Keywords 2N-mode squeezed state - Entangled state representation

1 Introduction

In recent years the entanglement has been paid much attention because their uses in quantum
optics [1-3]. It was first pointed out by Einstein, Podolsky and Rosen (EPR [4] in their
famous paper arguing the incompleteness of quantum mechanics. EPR introduced the wave
function for two particles’ relative position Q; — Q, (with center of mass coordinate Q)
and their total momentum P; + P, (with eigenvalue P),

1
V(Q1, 02) = E/dpexp[ip(Ql — 0>+ Q0)l, 1

which describes a sharply correlated two-particle system. For [Q| — Q,, P + P,] =0,
in [5, 6] and [7, 8], the simultaneous eigenstate |;) is found in two-mode Fock space,

1 f
[n) :exp[—§|n|2+naf—n*a2 +a|Ta§]|00), (2)

where n = %(m + iny) is a complex number, |00) is the two-mode vacuum state,

(a;, aiT ),i =1, 2 are two-mode Bose annihilation and creation operators in Fock space, re-
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lated to (Q;, P;) by

1 1 .
Qi=—=(@+a), Pi=—=(a—a. 3)
V2 V2i
Based on the entangled state |n), we defined the two-mode squeezing operator as [9]
d*n|n
SzE/— —>(77|, 4)
KT |

where y = e* is a squeezing parameter.
With the help of the technique of integration within an ordered product (IWOP) of oper-
ators and using (4), we obtain [10-12]

S, =exp[i(ala) —ajay)]. ®)

For two-mode squeezing operator S, has been found, an interesting question thus naturally
arises: Is there 2N-mode squeezing operator which squeezes the N-pair of entangled state?
If yes, what is the corresponding explicit form of the 2N-mode squeezing operator?

In this paper, we shall answer these questions. The passage is arranged as follows: In
Sect. 2, we discuss the explicit form of the 2N-mode squeezing operator. In Sect. 3, we
present the squeezing properties of the 2N-mode squeezed state and a example is also given
to prove our conclusion. In Sect. 4, the quantum mapping of U (A) is given. We hope this
new 2N-mode squeezing operator may have applications in quantum optical.

2 The Explicit Form of 2N-Mode Squeezing Operator

In this section, we construct a 2N-mode squeezing operator in the entangled state represen-
tation. To realize our goal, we introduce the N-pair entangled state

m
2
|77>: : >E|771’772,~-’77n)
Mn
= M L At B 4 BIAT
=expy — > +A'n—B'n*+B'AT;00), 6)
where ni =1, +ime, A" = (a],ai, ..., a}, ), B = (a],ay,....a},),
m
- 12
n= . ,
nn

and |00) is a 2N-mode vacuum state.
Then we defined 2N-mode squeezing operator as
oo Jg2n

n

d
U@ =@en)” [ anal, @)

—00
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where A isa N x N real matrix.
It is easy to see

Ut(mun) =1, ®
and
e8] d2n 00 d2n
UT(A)QiU(A) = det A / — L (Anln / A Ml =A;0 O

Now using the IWOP technique, we put (6) into (7) and obtain

o] 2n
U(A)=f : 7 (det )2 Ay (1]

o0 72-71

ood2nn 12 1 . ~ ~ _
= (det A)"/“:exp —En A+ AAY+ (AAT—B)p

o0 72’”
— (ABT — A)p* + B'A" +BA — a""ﬁ}:. (10)
where a’ = (a;r, a;, coay), a=(ay,a, ..., axy).

Using the mathematical formula [13]

a2 -
f ad exp[—a*N&@ + Sa+Ra*] = [detN] ! exp[SN~IR], (11)
T

n

where o = (a1, @2, ..., 0,), ¢* = (o, &3, ..., ), and N is a n x n matrix, S, R are n col-
umn matrices, we perform the integral in (10) and have the explicit form of U (A)
(det A)!/?

UA) = ——7a:
det[ AL

1~ ~ ~ ~
><eXP[—E(AA*—B)(1+AA)"(AB*—A)+BTAT+BA—a'5]. (12)

3 The Squeezing Properties of the 2N-mode Squeezing Operator

Theoretically, the 2N-mode squeezed state is constructed by the 2N-mode squeezing opera-
tor acting on the 2N-mode vacuum state, it follows

(det A)'/?

U(A)|00> = det[(1+§A)]

exp[—%A*T\(l+7\A)*‘B*7\]|oo> = [|00). (13)

For an 2N-mode system, the optical quadrature phase amplitudes can be expressed as fol-
lows:

2n 2n .
1 1 i
Xi=—=Y Qi Xo=z—=) P, [Xi,Xal=53, (14)
2/n P 2/n P 2
the variances of the 2N-mode quadrature operators introduced as
(AX;)* = (00]|X7(00) — ((00]]X;[100))>, i=1,2. 15)
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From (13), we have

2 detn)
(001,100} = \/;[det(l +AMNP (10

2n
1 .~ ~ o~
AT —lpf . i
x (00|exp|:2A AQ+AAN'B A] ;(a, +al)
1% AA-'BTA
X exp _EA A1+ AA)” B"A|]00). 17
Using the generalized ‘rotation’ operator formula, we have

exp(a; Qa)a) exp(—a; Qija;) = a) (%),
(18)
CXP(GJQUai)al eXP(—a;szai) = (e Na,

where  is an 2 x 2 invertible matrix, and Einstein’s summation rule has been used, i.e. for
the repeated subscripts appearing in a term, summation over 1, 2 is implied, and the identity

exp(a; Q;a;) = :expla, (e — Dajl:. (19)
From (18), (19) can be turned into

(00 X,(/00) = (00]| > "[a; exp 1+AA) +exp (— 1—AA) ~a;]|00) = 0. (20)

j[
The same we can get the following relations
(00 X>100) = 0. 21

Then the variances of the 2N-mode quadrature operators in 2N-mode entangled state is

AKX 1
(AX,)? = (00]X2]00) = 00||(ZQ> 100) = Z<7> — e @
ji i

and

1 AAND 1
(AX2)” = (00]1X00) = 00||<ZP> 100) = Z,.<7>ﬁ =zt @)

This leadsto AX.AX, = 3 L which shows that U (A) is a correct N-mode squeezing operator
for the N-mode quadratures in (14) and produces the standard squeezing similar to (4).

As discussed above, we clearly see that this approach of getting the explicit form of
2N-mode squeezing operator is general. We also point out the squeezing properties of the
2N-mode squeezing operator by the 2N-mode squeezing operator acting on the 2N-mode

vacuum state.
A B\(m m
(¢ 5) GG

Specially, when n =2, (7) reduces to

d*n,d?
Uy = / I E
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where A, B, C and D are 2 x 2 complex matrices.

If we let
T 0 0 —v
=5 n) =5 0)
0 -v T 0
R )
where 1, v, o and T are complex numbers, and satisfy the condition
Ut —ov=1, (26)

then from (12), (24) becomes

v o 1 .
U(Ay) = (Mf)—l:exp{—;a;(a;r - ?a;az + (; - 1>(aja1 +azaz)

1 N " o v
+ | = — 1 )(ayar + agas) + —ajaz + —azas ¢ . 27
T n T
When we let 4 = 7 = coshf, v = ¢ = sinh6, (27) becomes
U(A,) =explf(aias — a|al))expl6(azaq — ala))]. (28)

From (28), we can see U (A) is just a product of two two-mode squeezing operators in (13).

4 The Quantum Mapping of U(A)
In the two-mode, the squeezing operator can be expressed as [7, 8]

n

1 d?
Sp=— / = _>< | =expli(aja) — aay)]. @9)
wl 7|

As we know Q; and P; are the coordinate and momentum operators related to the Bose
operators (a;, a; ) by

1 1 .
Qi=—(@+a), P=—(a—a), (30)
V2 V2i
(7) can be changed into
U(A) =explirQAP], 3
where
o1 --- 1 P,
1 0 --- 0 P,
0=(01 Q2 -+ Q). A=|. . . . , P=1 .
Lo .- 0 2nx2n Pz”
(32)
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In order to know the transformation caused by U(A), we need to derive the normal
ordering form of the unitary operator U (A) by virtue of the IWOP technique. Using the
Baker-Hausdorff formula

1 1
e*Be* =B+[A, Bl+ E[A’ [A, B]]+ y[A, [A,[A,B]]]+---, (33)
we have

A2 s
U'(A)QUA) = Qi — 20 Ay — EQiAilAlk — = Qe M

2' (34

. A

UM PU(A) = P+ Ak Py + 23 A Aim P+ -+ = (€ )i P

So we can see U (A) is the corresponding operator which leads to the classic transformation
O — Qi(e?jp and P, — (") P

5 Summary

In summary, we have generalized the concept of two-particle EPR entangled state to the
case of 2N particle systems. With the help of IWOP technique, we construct the 2N-mode
squeezing operator and the squeezing properties of it is also discussed. We also use this
operator to discuss a special case which the two-pair entangled states are involved. When A
is a special matrices, we find U (A) can be a product of N two-mode squeezing operators.
Its further applications in the study of multipartite teleportation, quantum dense coding and
entangled fractional Fourier transformation are under consideration.
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